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Numerical r e s u l t s  are presented f o r  t h e  l i t h ium hydride 
molecule, obtained by d i f f e r e n t  techniques of t he  cons t r a ined  
v a r i a t i o n  method. The constrained wavz function, t h e  degree 
t o  which the  c o n s t r a i n t  i s  s a t i s f i e d ,  and t h e  s a c r i f i c e  i n  
energy are compared. The c o n s t r a i n t  ope ra to r  used was t h e  
e l e c t r o n r c  d i p o l e  moment i n  one case and the  t o t a l  Hellmann- 
Feynman f o r c e  i n  another. I n  both  cases ,  t he  pa rame t r i za t ion  
procedure i n  the  d i r e c t  s o l u t i o n  approach (Method I B )  w a s  
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The c a l c u l a t i o n  of expec ta t ion  va lues  of ope ra to r s  other  
than  t h e  energy has Seen of considerable  i n t e r e s t  t o  quantum 
chemists .  Recently Brown' formulated a p e r t u r b a t i o n  approach 
t o  the  cons t ra ined  v a r i a t i o n  method which had previous ly  been 
developed by W h i  tman and coworkers e 2 > 3  To ob ta in  a d i r e c t  s o l u t i o n  
2 
for t he  cons t ra ined  wave func t lon ,  R a s i e l  and Whitman proposed 
an i t e r a t i v e  scheme, but  they d i d  no t  c a r r y  i t  out  much beyond 
the  f i r s t  i t e r a t i o n .  The constrained wave func t ion ,  however, 
can be determined accu ra t e ly  without any approximations i n  a 
s t r a igh t fo rward  manner when the  b a s i s  set i s  small. The 
purpose of t h i s  paper i s  t o  present  a comparison of numerical 
r e s u l t s  f o r  l i t h i u m  hydride obtained by these  methods and t o  
d i s c u s s  t h e i r  r e l a t i v e  m e r i t s  . 
CONSTRAINED VARIATION METHODS 
kt be t h e  Hamiltonian of the  system and l e t  ' 
be t h e  approximate ground s t a t e  wave func t ion  and energy as 
c a l c u l a t e d  by a free v a r i a t i o n .  Consider a n  opera tor  'hz which 
does not  cqmmute wi th  the  Hamiltonian 
1. W. Byers Brown, Univers i ty  of Wisconsin T h e o r e t i c a l  Chemistry 
2.  Y. R a s i e l  and D. R.  Whitman, J. Chem. Phys. ,  42, 2124 (1965). 
3. B. R. Whitman and R .  Carpenter,  B u l l .  Am. Phys. SOC., 
I n s t i t u t e  Report  WIS-TCI-109G (1965). 
- 9, 231 (1964). 
2 
The constrained v a r i a t i o n  procedure involves determining a 
constrained wave funct ion $ which minimizes the energy 
s u b j e c t  t o  8 c o n s t r a i n t  
~ 4 - p ~  
where 
(3 )  
i s  an experimental  o r  t h e o r e t i c a l  constant  w i t h i n  the  
and /u 
bounds of rbl 
It i s  convenient t o  de f ine  a c o n s t r a i n t  operator  
s o  t h a t  the c o n s t r a i n t  condi t ion (3)  becomes 
c = I4-p = 0 > 
where 
1 
The constrained v a r i a t i o n  p r i n c i p l e  can be r e w r i t t e n  
< 9 > 0 
where 361 is  a ( f i c t i t i o u s )  constrained Hamiltonian 
and A is  a Lagrangian mul t ip l i e r ,  t he  determinat ion of which 
w i l l  be discussed below. 
Linear Var ia t ion  
It is  convenient t o  use the so lu t ions  $ of t h e  f r e e  
v a r i a t i o n  problem as the  basre  s e t ,  s o  t h a t  t he  overlap matr ix  
i s  a u n i t  matrix and the f r e e  Hamiltonian matr ix  a 
wi th  h . .  = 6 6 I f  t h e  constrained wave func t ion  i s  
w r i t t e n  
i s  diagonal ,  
1 3  i j  i 
where the  c o e f f i c i e n t s  a are t o  be determined, then 3 
4 
where i s  the  matr ix  r e p r e s e n t a t i o n  of t he  c o n s t r a i n t  operator 
i n  the 4 b a s i s .  
The secu la r  equat ion and secu la r  determinant a r e  
( D I -  El):= 0 
where 
H = r n . A C  
and s t i l l  has t o  be determined. 
Direct Solut ion 
A s  a f i r s t  cycle  i n  t h e  i t e r a t i v e  scheme of R a s i e l  and 
2,4 Whitman t o  so lve  E q s .  (12) and (13) f o r  t h e  a and , t he  
as sump t ion 
j 




i s  made i n  order t o  nbta in  aFpr cximate expressions for  a .  ( ) 
from Eq. (13).  These a r e  then subs t i t u t ed  i n t o  Eq. (12), r e s u l t i n g  
i n  a vanishing polynomial i z  A Fina l ly ,  a l l  terms i n  A3 
and higher  are neglected and the subsequent quadra t i c  equat ion  
i n  A 
J 
i s  solved fo r  t he  r o o t  which gives  a smaller  p o s i t i v e  
A E. This  s o l u t i o n  w i l l  be ca l ied  Method Pi. 
1 
As Brown pointed out ,  
< ck > C 0 
Therefore ,  and subsequently t h e  a can be obtained by 
paramet r iza t ion  of D e I n  other words, Eq. (14) i s  solved wi th  
t r i a l  va lues  of u n t i l  i n t e r p o l a t i o n  and i t e r a t i o n  l e a d  t o  a 
value  of A a t  which E i s  a saddle  po in t  (minimum wi th  
r e s p e c t  t o  the  c o e f f i c i e n t s  a and m a x i m u m  wi th  r e s p e c t  t o  ). 
However, numerical  computations show t h a t  t h e  energy E is  no t  
very  s e n s i t i v e  t o  a t  t he  saddle po in t ,  so  t h a t  A can only 




+0.000005.The~~f~re, a t  each t r i a l  va lue  
k h ? d / o f  , Eq. (13) i s  solvedAand t h e  s o l u t i o n s  a are s u b s t i t u t e d  5 
i n t o  Eq. (12). 
which 
A few l i n e a r  i n t e r p o l a t i o n s  l e a d  t o  t h e  A a t  
C = lo-’ , much beyond the  accuracy of t he  input  matrices. 
We s h a l l  c a l l  t h i s  Method IB. 
- - _ _ _  
4 .  y. Ras ie l ,  Ph,D. Thesis,  Case I n s t i t u t e  of Technology, 1964. 
6 
Per tu rba t ion  Approach 
1 
On the other hand, Brown considered t h e  operator  as a 
pe r tu rba t ion  t o  with A as t he  p e r t u r b a t i o n  parameter. Thus, 
Eq. ( 1 7 )  leads t o  
LA 
n= 2 
where E ( n )  i s  the f ami l i a r  n - th  order energy i n  p e r t u r b a t i o n  
theory and cah be evaluated by standard formulas f o r  expansions 
i n  unperturbed eigenfunct ions as b a s i s  s e t . 5  
s e r i e s  i n  E q .  (18) then gives 
Inve r s ion  o f  t h e  
2 2 3  3 4  A = 8 - A38 + C - A 4  9 2A,]8 i- [-A5 + 5A4A3 - 5A3]8 + 0(€15)> 
where 
5 .  J. 0. Hirschfelder ,  W. Byers Brown, and S .  T. Epstein,  
"Recent Developments i n  P e r t u r b a t i o n  Theory" i n  Advances 
i n  Quantum Chemistry, (Academic m e s s  Inc . ,  New York, 1964). 
The sign i n  Eq.  (11-10) on p. 366 should be p o s i t i v e .  
, 
7 
The energy and expec ta t ion  values  of other  opera tors  can 
be ca l cu la t ed  i n  two ways which a re  c l o s e l y  r e l a t e d .  I n  the  
f i r s t  case,  which w i l l  be ca l l ed  Method IIA, s t ra ight forward  
s i n g l e  and double p e r t u r b a t i o n   procedure^"^ are appl ied .  
1 




To f ind  t h e  expec ta t ion  value L of some other  operator  , 
l e t  us,  consider  another  f i c t i t i o u s  Hamiltonian 
where both 
assume t h a t  t he  minimum v a r i a t i o n a l  energy can be expanded a s  a 
and 3‘ a r e  pe r tu rba t ion  parameters ;  and le t  us 
double power series 
1 Then, accord ing  t o  Brown,  
/- 
I n  t h i s  work, we have continued the  s e r i e s  i n  E q s .  (19), ( 2 2 ) ,  
(5 1 c ' 3 , 1 >  and (25) up t o  terms involving 64 E , and 
r e s p e c t i v e l y ,  one more term i n  each case than Brown d i d .  Owing t o  
the  f a c t  t h a t  the b a s i s  se t  used in the  p re sen t  work i s  small ,  
t hese  s e r i e s  s t i l l  have not  converged when t runca ted .  
F ina l ly ,  i n  Method PIB, t h e  f i r s t ,  second, and t h i r d  order 
wave functions a r e  determined us ing  well-kncwn p e r t u r b a t i o n  theory 
methods. A t runcated constrained wave funct ion i s  then found 5 
and expectat ion values  a r e  ca l cu la t ed  with t h i s  funct ion.  
L iH WAVE FUNCTION 
To demonstrate the a p p l f c a t i o n  of the constrained v a r i a t i o n  
2 1 method, R a s i e l  and Whitman, and Brown used a v a r i a t i o n a l  func t ion  
fo r  LiH ca lcu la t ed  by Robinson.' 
valence-bond conf igu ra t ion  i n t e r a c t i o n  func t ion  wi th  a b a s i s  se t  
of s i x  S l a t e r - t y p e  atomic o r b i t a l s ,  
It i s  a three-term open-shel l  
3 
'1 = 1 'lk q k  ' 
k=l  
- - - - -  
6 .  J. M. Robinson, Ph.D. Thesis ,  Un ive r s i ty  of Texas, 1957. 
. .  
9 . 
where the  three conf igu ra t i zns  7 
Rasiel and Whitman. This function w a s  a l s o  chosen fo r  our 
cozpara t ive  s t u d i e s  for  i t s  s impl i c i ty  2nd the  a v a i l a b i l i t y  of 
a l l  t he  p r imi t ive  mat r ix  elements ( i n  the  9 b a s i s ) .  6'2 
during the  course of our i nves t iga t ion ,  i t  w a s  found t h a t  some 
of the off-diagonal  eleffients cf the  transformed f r e e  Hamiltonian 
mat r ix  ( i n  the  # b a s i s )  a r e  as l a rge  as 9 x 10 h a r t r e e .  
Therefore,  the f r e e  v a r i a t i o n  prcblen, was solved again.  The 
so lu t ions  we obtained are 




= 0.1807573 - 0.0026450 7 9 0,1619637 
#, = 0.8035686 -F 0,3440879 q 2  - 0.8818488 q3  
with  
= -9.058791 h a r t r e e s  
1 
E, = -8.908329 
C3 = -6.618735 , 
The e l e c t r o n i c  energy of t he  ground s t a t e  i s  e s s e n t i a l l y  t h e  same 
as Robinson's: - 9.058777 h a r t r e e e ;  b u t  the # a r e  s l i g h t l y  
d i f f e r e n t ,  wi th  the  r e s u l t  t ha t  t he  l a r g e s t  o f f -d iagonal  element 




Therefore, a l l  t h e  transfcrrned matr ices  a r e  computed i n  the  
b a s i s  represented by Eq.  (281, r a t h e r  than by Eq.  (1L) of 
Reference 2 .  
$ 
5ONSTMSNT OPERATOR 
Two cases  have been considered i n  t h i s  work, I n  the  f i r s t  
case,  the e l e c t r o n i c  d i p o l e  moment i s  constrained t o  agree with 
the experimental value obtarried by Wharton, Gold ,  and Klemperer. 
7 
Thus, 
where Z .  i s  measured i n  a coordinate  system i n  which the  L i  
nucleus i s  a t  t he  o r i g i n  and t h e  H 3uclegs i s  on the  p o s i t i v e  
1 
Z-axis a t  t he  i n t e r n u c l e a r  d i s t ance  of 3.0132976 a ; a f t e r  the 
nuclear  con t r ibu t ion  has been sub t r ac t ed  trsrri t h e  experimental  
d ipo le  moment of 5.882 debyes, 
been defined i n  Eq. (5) as ?9l -?  . 
0 
p4 i s  5,3276 eao ; and <e has 
I n  the second case we s t d i e d ,  %he c o n s t r a i n t  i s  t h a t  t he  
t o t a l  molecular Hellmann-Feynman force  should vanish,  I n  t h i s  
case,  t he  c o n s t r a i n i n g  procedure c e z s e s  t o  be semi-empirical 
7 .  L. Wharton, L. P ,  Gokd, and W, Kiemperes, J, Chem. Phys. ,  
37, 2149 (1962). 
11 
s i n c e  the  Hellmann-Feynman theorem ‘-lo r e q u i r e s  t h a t  t he  expec ta t ion  
value of t h i s  fo rce  operator vznishes when averaged over the 
c o r r e c t  wave funct ion,  Thus, /A. i s  zero and 
where the  s p h e r i c a l  coordinate  v a r i a b l e s  a r e  i d e n t i c a l  t o  those of 
Miller,  Gerhauser, and Matsen. 11 
RESULTS AND DISCUSSION 
The r e s u l t s  of c a l c u l a t i o n s  according t o  t h e  schemes 
IA, I B ,  IIA, and I I B  are l i s t e d  i n  Table I, where t h e  e l e c t r o n i c  
d i p o l e  moment has  been constrained, and i n  Table 11, w k r e  t he  
t o t a l  Hellmann-Feynman fo rce  i s  t h e  c o n s t r a i n t .  
From Tables I and 11, one can make the  following gene ra l  
remarks about t h e  success  of the d i f f e r e n t  cons t r a in ing  
techniques.  F i r s t l y ,  t h e  constrained wave func t ion  c o e f f i c i e n t s  
a as w e l l  as appear t o  be very similar i n  both t h e  d i r e c t  
s o l u t i o n  and p e r t u r b a t i o n  approaches. However, t h e  degree t o  
j 
8. H. Hellmann, Einfuhrung i n  d i e  Quantenchemie (Deuticke, 
9. R. P .  Feynman, Phys. Rev., 56, 340 (1934). 
Leipzig,  1937), p .  285. 
10. R.  F. W. Bader and G. A .  Jones, Can. J. Chem., 41, 
255, 586 (1963); J, Chen. Phys., 2791 (1963). 
11. J. Miller. J M T;erhactse’- and F. P .  Matsen, Quantum 
Chemibt! , Lnteg r r i l s  zind Tables (Universi ty  of Texas Press, 
Austin,  1959): p .  11. 
which the imposed c o n s t r a i n t  is s z t l s f i e d  a s  measured by how c l o s e l y  
C = < $ 'I $ > a p p o a c h e s  zerir, v a r t e a  widely among t h e  
d i f f e r e n t  techniques,  
e, P >  
Comparing the two d i r e c t  s o l u t i o n  approaches, one can e a s i l y  
see  t h a t  Method I B  i s  superior  t o  Method I A  i n  accuracy, both 
a s  t o  adherence t o  the c o n s t r a i n t  and minimization of t h e  energy. 
However, f A  i s  more suFtable  f o r  desk c a l c u l a t o r  work and took 
only half  a m i n u t e  on a 
with computer subrout ines  f o r  matrix d i agonz l l za t ion  widely 
ava i l ab le ,  EB can be eas i ly  p rogrambed  f c i  e i e c t r o n i c  computers 
and r e q u i r e s  about four minutes f o r  each t r i a l  value of 
t h e  CDC G-15. I n  p r a c t i c e ,  we used  I A  t o  determine an 
approximate value of 
guess i n  I B .  
CDC G - 1 5  z m p u t e r .  On the  other  hand, 
on 
which w a s  employed as an i n i t i a l  
It should be pointed out t h a t  Method I A  
f i r s t  cycle i n  an i t e r a t i v e  scheme, 
value of 
from Eq. 
value of and consequently a b e t t e r  s e t  of c o e f f i c i e n t s  a 
When convergence occurs,  both A and A E  could be s u b s t i t u t e d  
i n t o  the higher order terms of Eq. (13) i n  order t o  improve on 
the  assumption expressed by Eqc (16) .  However, consider ing the 
accuracy of Method LB, we f e e l  t h a t  L t  hardly seems worth the  
e f f o r t  t o  pursue f u r t h e r  i t e r a t i o n s  beyond the f i r s t  cyc le  as 
r e p r e s e n t s  t h e  
One could s u b s t i t u t e  t h e  
i n t o  the  terms i n  h3 and higher i n  the  polynomial 
( 1 2 )  and solve the  new quadra t i c  equat ion f o r  a b e t t e r  
3 
1 2  
c a r r i e d  o:it rn IA, 
case  than the  pe r tu rba t  ir,: tccx:-%r-:es d e e  ca t he  s l e w  ccnvergence 
of t he  l a t t e r ,  we be l feve  that t9.e i z t t e r  shculd be recommended 
f o r  furrctions v i t h h r g e r  b a s i s  s e t s  As t he  bas i s  set becomes 
much l a rge r ,  Method Ilr ' Isses i t s  i r - f ie r~c t  s h p l f c i t y  and 
computer t ime, h e r e a e r ,  t h e  pe-  t - r  r,.&.t:cn apprcach is expected 
t o  converge f a s t e r  s i r r e  rt.e p r r t - r b - t i o c  ca.2 be b e t t e r  expressed 
i n  terms of the  enlarged bzses  se t .  T h i s  esTeeta t ion  i s  r e a l i z e d  
i n  a pre l iminary  s tudy  CPI a system x i t k  h l a rge  bas i s  set. 12 
Actual ly ,  Methods IIA and I I B  s h c s l d  be used i n  canjunct ion,  s i n c e  
L I A  fu rn i shes  t h e  value of fc-r xse in L I B ,  whi le  IIB gives  
a f u r t h e r  check on the  cocvcrgefice cf I I A  aEd pravides  a 
cons t ra ined  wave frzr.rti=n 2s  ell as i! d i r e c t  c a l c n l a t i o n  of t he  
expec ta t ion  value of t!ie cmstrai.;.rt cpera tor  
To provide ft ir ther i o q a r i s z n  of t he  Lens t ra in ing  techniques,  
t he  fol lowing other phys i ca l  p r c p e r t i e s  were ca l cu la t ed  : t h e  
adherence t o  the  v i r t a l .  theorem, - T / E , ~ ~ ~ ~  ; the  molecular 
quadrupole moment xeasixed r e l a t i v e  t~ t he  center  of mass, 
diamagDetic contr ibsJt ion t o  the s ; s - e p t i b i l i t y ,  ICd; and diamagnetic 
c o n t r i b a t i o n s  t c  the  Frotcn azd I F c n i ~ n  s h i e i d i n g  cans t an t s ,  (r e 
1 2 .  Do P. Chollg, zz;sb::sred r e s u l t s ,  9slng E S  
Q(m) ; 
d 
- - - - -  
9 .  che 28-term 
LiIi wave furirt ic-.s  o i  3 -  T. ~ r c w r i e  *:La F, A ,  Aatsen, 
Phys. Rev., 1 3 5 A ,  i227 \ 1 9 t 4 j ,   an^ p r i v a t e  c o r n m i c a t i o n .  
3 
The r e s u l t s  a r e  presented  in Tables I11 and IV, The phys i ca l  
cons tan ts  used kave beer- tF.kei F:ZK c3.e l a t e s t  s e t  recmmei-lded 
by t h e  Natio2a.l AcL,Jerr,y r f  S: iecctzs-Yat io~&l Research C o u n c i l .  
I n  o r d e r  r o  f a c ~ l i t a t e  :amparisan of u s i n g  d i f f e r e n t  
~. 
13 
c o n s t r a i n t s ,  C c a ~  132 made QiTLE2si22L!ess Gy d e f i n i n g  a s e t  
of reduced q u a n t i t i e s  
11 % *  = g d . e  
& "  = c /  C l l  
A" P X C L l  
Then 
( 3 5 )  
ak 
and C takes  on t h e  v a l u e  af a a i t y  f o r  t he  f r e e  v a r i a t i o n  
func t ion  and t h e  value of  z e r e  f o r  t h e  p e r f e c t l y  cons t ra ined  
func t ion .  
Exaaining t h e  r e s u l t s  f ron  r.his po in t  o f  view, we f i n d  
t h a t  Method I B  g ives  a A' of 0,01206925 fer  t h e  d ipo le  moment 
c o n s t r a i n t  and 0,005749273 for t h e  t o t a l  f o r c e  c o n s t r a i n t .  Thus, 
the  s l i g h t l y  b e t t e r  convergence or' t h e  p e r t z r b a t i o n  schemes i n  
t h e  l a t t e r  case (-ha be b e t t e r  ur,dersto?d6 - - - - -  
13. Physics Today, E, 48 (1964). 
15 
We are g r a t e f u l  t o  Professors  S .  T. Eps te in  and 
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